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a b s t r a c t
This work investigates the impact of global climate change on the sustainable growth of
forest, namely, on its aggregated characteristics such as the number of trees, the basal area,
and the amount of carbon sequestrated in the stand. The forest dynamics is described by
a nonlinear size-structured population model. The existence of a steady state regime is
proven and explicit formulas for the aggregated characteristics are obtained. A numeric
simulation on realistic data illustrates and extends the analytic results obtained.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Size-structuredmodels of forest dynamics can be described using PDEs of a special typewith nonlocal nonlinearities. This
work follows a realistic forestmodel [1,2] that includes the size-dependentmortality and growth, intra-species competition,
carbon sequestration in biomass, and other characteristics of the stand. The analysis focuses on effects of climate change.
By [3–5], the climate change will primarily augment the growth rate of the stand, whereas its effect on the mortality cannot
be determined precisely. Therefore, we compare qualitative dynamics of the forest for different growth rates related to
various climate change scenarios. To examine sustainable forest management, we consider the infinite time horizon [0,∞).
We analyze separately amanaged forestwith planted trees and awild forest with natural reproduction of trees and establish
a link between them.
A. The model of a managed (controlled) forest [1,2] is described by the following PDE:
∂x(t, l)
∂t
+ ∂[g(E(t), l)x(t, l)]
∂ l
= −µ(E(t), l)x(t, l), t ∈ [0,∞), l ∈ [l0, lm], (1)
E(t) = χ
 lm
l0
l2x(t, l)dl, (2)
with boundary conditions
g(E(t), l0)x(t, l0) = p(t), t ∈ [0,∞), x(0, l) = x0(l), l ∈ [l0, lm], (3)
where the tree size l is the tree diameter at breast height, 0 ≤ l0 ≤ l ≤ lm. The given growth function g(E(t), l) describes
the change in the tree diameter over time, and the instantaneous mortality rate µ(E(t), l) is the probability of death of an
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l-sized tree at time t . Their dependence on E reflects the intensity of intra-species competition. The unknown variables in the
model (1)–(3) are the forest density x(t, l) and the basal area E(t) of the entire stand. The integral
 l2
l1
x(t, l)dl determines
the number of trees with sizes between l1 and l2 at time t .
The model (1)–(3) describes a managed forest without natural reproduction, in which all trees of the diameter l0 are
planted. The boundary condition (3) relates the density x(t, l0) of young trees to the flux of planted trees p(t).
B. The model of a wild forest with natural reproduction includes (1)–(3) and the additional fertility equation
p(t) =
 lm
l0
α(E(t), t, l)x(t, l)dl, (4)
in which the given function α(E, t, l) is the size-specific fertility rate [5]. In this model, the flux of young trees p(t) in (3) is
determined by the total number of offspring of the stand that reach the size lo.
2. Steady state analysis of the forest model
To analyze a sustainable forest, we look for a solution of the problem, which does not depend on the current time t:
x(t, l) = x(l), E(t) = E, l ∈ [l0, lm], t ∈ [0,∞). (5)
A necessary condition for the existence of steady state solutions in the model of controlled forest (1)–(3) is
p(t) = p = const, t ∈ [0,∞). (6)
Then, a possible steady state regime x(l) of (1)–(3) is described by the integral–differential equation
d[g(E, l)x(l)]
dl
= −µ(E, l)x(l), l ∈ [l0, lm], E = χ
 lm
l0
l2x(l)dl, g(E, l0)x(l0) = p. (7)
If we treat E as a known parameter, then the initial problem (7) has the exact solution
x(l) = p
g(E, l)
e−
 l
l0
µ(E,ξ)
g(E,ξ) dξ , l ∈ [l0, lm]. (8)
Formula (8) also holds for the wild forest model (1)–(4) and leads to an important link between these two models.
Theorem 1 (On Connections Between the Wild and Controlled Forest Models). The model (1)–(4) of a wild forest can possess a
steady state solution (8) only if the reproduction number of the forest
R(E) =
 lm
l0
α(E, l)
g(E, l)
e−
 l
l0
µ(E,ξ)
g(E,ξ) dξdl (9)
equals 1. Then the steady state solution of the model (1)–(4) is the same as for the model (1)–(3) at p = g(E, l0)x(l0).
Proof. Follows from substituting (8) into equality (4) and using the notation (9). 
Theorem 1 allows us to focus on the steady state analysis of the controlled forest (1)–(3) and expand the results obtained
to the wild forest (1)–(4). Here and hereafter, we analyze (1)–(3) under condition (6).
Theorem 2 (On the Existence of a Steady State). If (6) holds and µ(E, l) ≥ µmin > 0, g(E, l) ≤ gmax < ∞ for 0 < E <
∞, l0 ≤ l∗(t) ≤ lm, then there exists a positive value E∗ that satisfies (7). This value E∗ is unique if |µE(E, l)| ≪ µ(E, l) and
|gE(E, l)| ≪ g(E, l).1 The unique solution x(l) of (7) is expressed by (8) for E = E∗.
Proof. Substituting (8) into the second equation of (7), we obtain the following nonlinear equation:
F(E) = E − χ
 lm
l0
pl2
g(E, l)
e−
 l
l0
µ(E,ξ)
g(E,ξ) dξdl = 0,
for E∗. The continuous function F(E) < 0 at E = 0 and F(E) > 0 for large E, which proves the existence of at least one
E∗ > 0 such that F(E) = 0. The derivative F ′(E) > 0 under the theorem conditions, and hence the value E∗ is unique. 
1 These conditions mean that the functionsµ(E, l) and g(E, l) are slowly changing functions of E (their dependence on E is weak). The notation fx means
∂ f /∂x.
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To obtain more specific results, we will take the commonly accepted growth rate [1,5]
g(E, l) = (l¯− l)gˆ(E), (10)
and assume lm < l¯, which means that trees cannot live indefinitely. Under (10), both the numerator and the denominator
of (8) tend to zero at l → l¯ and the qualitative behavior of x(l) is not clear. To analyze x(l), let us find its derivative:
x′(l) =

1− µ(E, l)
gˆ(E)

p
gˆ(E)(l¯− l)2 e
−  ll0 µ(E,ξ)gˆ(E)(l¯−ξ) dξ . (11)
A natural dynamics of the mortality and growth rates is such that µ(E, l) < gˆ(E) until a certain size l∗ is reached and
µ(E, l) > gˆ(E) after the size l∗. Then, µ(E, l∗) = gˆ(E) and x′(l∗) = 0, so the steady state tree density x(l) increases in l
before the size l∗ and decreases after.
In the case µ(E, l) = µ(E) of size-independent mortality, the size distribution (8) of trees becomes
x(l) = p
gˆ(E)
(l¯− l0)−
µ(E)
gˆ(E) (l¯− l) µ(E)−gˆ(E)gˆ(E) . (12)
3. Aggregate forest characteristics in the steady state
Here we analyze how a change in the forest growth rate gˆ(E) affects the steady state values of the major aggregate
characteristics of the forest: the basal area E, number X of trees, and carbon sequestration amount b.
The basal area E is found from the nonlinear equation
E = χ
 lm
l0
pl2
g(E, l)
e−
 l
l0
µ(E,ξ)
g(E,ξ) dξdl, (13)
which has a unique positive solution E∗ under the conditions of Theorem 2. The total number of trees is determined as
X =
 lm
l0
x(l)dl =
 lm
l0
p
g(E, l)
e−
 l
l0
µ(E,ξ)
g(E,ξ) dξdl, (14)
where E∗ is found from (13). If µ(E, l) = µ(E) and lm = l¯, then X = pµ(E) does not depend on the growth rate at all.
Finally, the amount of carbon sequestrated in the biomass [4] is
b = γ0
 lm
l0
lβx(l)dl, β ≈ 1.6. (15)
Theorem 3 (On Climate Change Effects). If the mortalityµ(E, l) does not decrease in l, then the number X of trees is smaller for a
larger gˆ(E). If µ(E, l) increases in l faster than l2, e.g., ∂
∂ l

l2
µ(E,l)

≤ 0, then the basal area E is smaller for a larger gˆ(E). If µ(E, l)
increases in l faster than lβ , e.g., ∂
∂ l

lβ
µ(E,l)

≤ 0, then the carbon sequestration b is smaller for larger gˆ(E).
Proof. For any given k ≥ 0, let us consider the integral Ψk =
 lm
l0
lk
gˆ(E)(l¯−l) e
−  ll0 µ(E,ξ)gˆ(E)(l¯−ξ) dξdl. Using integration by parts, one
can see that Ψk = l
k
0
µ(E,l0)
− lkm
µ(E,lm)
e
−  lml0 µ(E,ξ)gˆ(E)(l¯−ξ) dξ +  lml0 ∂∂ l  lkµ(E,l) e−  ll0 µ(E,ξ)gˆ(E)(l¯−ξ) dξdl decreases in gˆ(E) if ∂(lk/µ(E, l))/∂ l ≤ 0.
Application of this result at k = 0, k = 2, and k = β to (13)–(15) concludes the proof. 
Theorem 4. If
 lm
l0
µ(E,l)
gˆ(E)(l¯−l0)dl ≤ 1, then the characteristics X, E, and b are smaller for a larger value gˆ(E).
Proof. Follows from the analysis of the first derivative ofΨk with respect to gˆ(E), which decreases in gˆ(E) under the theorem
condition. 
Theorems 3 and 4 identify cases where the aggregated forest characteristics decrease when the forest growth rate
increases. In particular, they allow determining changes in sequestered carbon and timber production. On the other hand,
the theorems are only sufficient and do not cover all possible values of the model parameters. The further analysis shows
that the aggregated forest characteristics can increase when the growth rate increases.
3.1. The representation via special functions
The integrals of type (15) cannot be evaluated explicitly but can be represented by the special functions [6]. Special
functions have been thoroughly investigated for many decades. Currently, efficient computer programs are available for
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their visual analysis. Indeed if µ(E, l) = µ(E), then (15), (12) can be rewritten as
b = γ0p
gˆ(E)
(l¯− l0)−
µ(E)
gˆ(E)
 lm
l0
lβ(l¯− l) µ(E)gˆ(E) −1dl, (16)
or, in terms of the generalized incomplete Beta function [6],
B(y,z)(a, c) =
 z
y
ta−1(1− t)c−1dt, where 0 < y < z < 1. (17)
Then, the formulas (13), (14) and (16) take the form
X = p
gˆ(E)

1− l0
l¯
− µ(E)gˆ(E)
B(l0/l¯,lm/l¯)

1,
µ(E)
gˆ(E)

, (18)
b = γ0pl¯
β
gˆ(E)

1− l0
l¯
− µ(E)gˆ(E)
B(l0/l¯,lm/l¯)

β + 1, µ(E)
gˆ(E)

, (19)
E = χpl¯
2
gˆ(E)

1− l0
l¯
− µ(E)gˆ(E)
B(l0/l¯,lm/l¯)

3,
µ(E)
gˆ(E)

. (20)
The link (18)–(20) between X, b, E and the special function By,z(a, c) is obtained for the first time. It is useful for a
qualitative study as well as for a numeric simulation of the aggregated forest characteristics. To analyze the dependence
of (18)–(20) on the growth rate gˆ , we have provided a computer simulation of the function By,z(a, c) using the Wolfram
Research plotting tool [7] and compared numerically the dynamics of By,z(1, c) that expresses X , and By,z(3, c) for E, with
By,z(β + 1, c) that expresses the carbon sequestration for various values. The qualitative properties of By,z(β + 1, c) are
similar to those of By,z(1, c) and By,z(3, c). The parameter c = µ(E)/gˆ(E) describes the relation between the mortality and
the growth rate, which reflects the effects of climate change. Next, we plot the function By,z(a, c) for various values of c and
find the ranges of model parameters when the behaviors of E, X , and b coincide with or complement Theorems 3 and 4 (see
examples below).
Simulation Example 1. l0 = 0.01, lm = 0.99, l¯ = 1, 1 ≤ a ≤ 3 and 0.2 ≤ c ≤ 1, and the rates gˆ(E) and µ(E) do not
depend on E. The range [0.2, 1] of the parameter c = µ/gˆ corresponds to the range of the growth rate gˆ betweenµ and 5µ.
Since l0 ≪ l¯, the formulas (18)–(20) are simplified to
X ≈ p
gˆ
B(l0,lm)(1, µ/gˆ), b ≈
γ0p
gˆ
B(l0,lm)(2.6, µ/gˆ), E ≈
γ0p
gˆ
B(l0,lm)(3, µ/gˆ). (21)
Our simulation shows that all three curves B(0.01,0.99)(1, c), B(0.01,0.99)(2.6, c), and B(0.01,0.99)(3, c) decrease in c and increase
in gˆ: B(0.01,0.99)(3, c) increases from≈0.3 at gˆ = µ to≈1.8 at gˆ = 5µ, whereas B(0.01,0.99)(2.6, c) increases from 0.4 to 2 and
B(0.01,0.99)(1, c) increases from 1 to 3. Substituting these values into (21), we obtain that, when gˆ increases fromµ to 5µ, the
basal area E increases, the number of trees X decreases, and the sequestered carbon b remains approximately unchanged
(compare with Theorems 3 and 4). Moreover, due to the nearly constant relationship between b and the overall biomass [1],
we can conclude that the timber production remains more or less constant.
3.2. Different scenarios of climate change
Simulation Example 2. Recent environmental research [4,5] identifies two major climate change scenarios, called A2 and
B2, and indicates that climate change impacts mostly the growth rate g(E, l) = (l¯− l)(β0 − β1E + β2π l2/4), often leaving
the tree mortality µ(E, l) unchanged. The parameters β0, β1 and β2 are presented in Table 1.
Table 1
Input data (forest growth rates for two climate change scenarios).
Parameter Baseline scenario A (without climate change) Scenario A2 Scenario B2
β0 0.02928 0.03895 0.03519
β1 0.00023 0.00023 0.00019
β2 0.05029 0.04996 0.05822
One can see that essential changes in these scenarios are in the parameter β0, while the changes in β1 and β2 are smaller.
The growth parameter β0 increases in both scenarios A2 and B2. Also, the function g(E, l) is slowly changing in E and l. To
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be able to use (21), we assume µ(E, l) ≈ const and g(E, l) ≈ β0(l¯ − l). Using the estimations µ = 0.0189, l¯ = 150 cm
from [1] and the values of β0 from Table 1, we obtain the results presented in Table 2.
Table 2
Simulation results (changes of the aggregate forest characteristics).
The change compared to scenario A Scenario A2 Scenario B2
The number of trees X −0.410 −0.226
Basal area E 0.115 0.100
Carbon sequestration amount b 0.073 0.069
Thus, in the scenarios A2 and B2, the number of trees X decreases in g while the amount of sequestered carbon b
increases and the basal area E increases even faster. This outcome describes a new case of the qualitative dynamics and,
thus, complements Theorems 3 and 4. It also has an obvious applied relevance.
We should note that the simulation result obtained depends heavily on the estimate of the mortality rateµ. Indeed, ifµ
is decreased to 0.0026 and we use the same β0 values, then X, b, and E decrease (as predicted by Theorems 3 and 4).
4. Summary
To examine the impact of global climate change on sustainable forest growth, we establish a steady state regime in a
realistic size-structured model of forest dynamics and analyze forest aggregate characteristics in the steady state. We find
two analytic conditions when the number of trees, the basal area, and the sequestrated carbon in the wood decrease with
increase of the growth rate. Next, we represent these characteristics via special functions and identify situations where the
number of trees decreases with the growth rate while the amount of sequestrated carbon and the basal area increase. The
numeric examples demonstrate that the behavior of the aggregated characteristics have considerable dependence on the
model parameters, which in turn depend on the type and location of the forest [1,8]. In this respect, this study provides a
means for analyzing regional forest development facing climate change.
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